In the paper, we generalize the Arzelà-Ascoli theorem in the setting of uniform spaces. At first, we recall well-known facts and theorems coming from monographs of Kelley and Willard. The main part of the paper introduces the notion of extension property which, similarly as equicontinuity, equates different topologies on C(X, Y ). This property enables us to prove the Arzelà-Ascoli theorem for uniform convergence. The paper culminates with applications, which are motivated by Schwartz's distribution theory. Using the Banach-Alaoglu-Bourbaki theorem, we establish relative compactness of subfamily of C(R, D ′ (R n )).
Introduction
Around 1883, Cesare Arzelà and Giulio Ascoli provided a necessary and sufficient conditions under which every sequence of a given family of real-valued continuous functions, defined on a closed and bounded interval, has a uniformly convergent subsequence. Since then, numerous generalizations of this result have been obtained. For instance, in [9] on page 278, the compact subsets of C(X, R), with X a compact space, are exactly those which are equibounded and equicontinuous. The space C(X, R) is given the standard norm f := sup x∈X |f (x)| With a change of norm topology to the topology of uniform convergence on compacta, one can obtain a version of Arzelà-Ascoli theorem for locally compact space X and metric space Y ( [9] on page 290). The author, together with prof. Bogdan Przeradzki endeavoured to retain the topology of uniform convergence (comp. [7] ). To this end, the BC(X, Y )-extension property was employed.
In this paper, we improve on the result obtained by [7] by considering the uniform spaces, which are thoroughly described in [4] in chapter 7 and 8 (beginning on page 103). The concept generalizes metric spaces and provides a convenient setting for studying uniform continuity and uniform convergence. A brief recap on uniformity of uniform convergence and uniformity of uniform convergence on compacta is presented in section 2. We highlight the importance of equicontinuity, which equates the topology of pointwise convergence, the compact-open topology and the topology of uniform convergence on compacta. This property of 'bringing the topologies together' is a motivation for the extension property, whose objective is to equate the topology of uniform convergence with the aforementioned ones. The main part of the paper is section 3, where we build on the Arzelà-Ascoli theorem in [5] on page 236 (theorem 3 in this paper). We introduce a new concept of extension property and investigate how it relates to BC(X, Y )-extension property studied in [7] . The culminating point is theorem 4, which characterizes compact subsets of C(X, Y ) with the topology of uniform convergence (rather than uniform convergence on compacta). The space X is assumed to be locally compact and Y is a Hausdorff uniform space. Finally, in section 4, we present two possible applications of theorem 4 in the theory of distributions. The space D ′ (R n ) is known to be nonmetrizable ( [2] on page 81), yet it can be given a uniform structure.
Uniform convergence and uniform convergence on compacta
We recall the concept of uniformity of uniform convergence. A comprehensive study of this notion can be found in [5] on page 226 or [12] on page 280. For convenience, we extract the essence of these discussions in the following theorem:
Then the family {V † : V ∈ V} is a base for uniformity W for F, which we call the uniformity of uniform convergence.
The topology induced by the uniformity of uniform convergence is called the topology of uniform convergence, which we denote by τ uc . The base sets for this topology are of the form
where 
The family F is said to be equicontinuous if it is equicontinuous at every x ∈ X. If this is the case, then the topology of pointwise convergence coincides with the compact-open topology, i.e. τ pc | F = τ co | F (proof in [5] on page 232 or [12] on page 286). Together with what we said above and the fact that equicontinuous family is in particular continuous, we obtain that the topology of pointwise convergence coincides with the topology of uniform convergence on compacta on F, i.e. τ pc | F = τ ucc | F .
Arzelà-Ascoli theorems
Our objective in this section is to present the Arzelà-Ascoli theorem for the topology of uniform convergence in the setting of uniform spaces. Our starting point is the theorem provided in [5] on page 236.
Theorem 3. (Arzela-Ascoli for uniform convergence on compacta) Let (X, τ X ) be a locally compact space, (Y, V) be a Hausdorff uniform space and let C(X, Y ) have the topology of uniform convergence on compacta τ ucc . A subfamily F ⊂ C(X, Y ) is relatively τ ucc -compact if and only if
Our line of attack is motivated by equicontinuity, which equates three topologies, of pointwise convergence, compact-open and uniform convergence on compacta. We look for a property that will do the same thing with uniform convergence. For a topological space (X, τ X ), uniform space (Y, V) and F ⊂ Y X suppose that W ucc is a uniformity of uniform convergence on compacta on F. We say that F satisfies the extension property if
Intuitively, the condition (5) means that the topology τ ucc coincides with τ uc on F (the inclusion τ ucc ⊂ τ uc always holds so (5) guarantees the reverse inclusion). It can be written more explicitely as
If we suppose that Y is a metric space,
which is the BC(X, Y )-extension property, studied in [7] . Equipped with these tools, we are ready to prove the following theorem. 
Proof
The 'if ' part is easy. By (AA1) and theorem 3 we obtain that F is relatively τ ucccompact. Consequently, (AA2) implies that the topology τ ucc coincides with τ uc on F and we are done. We focus on 'only if ' part. We already noted that τ uc is stronger than τ ucc , which leads to F being relatively τ ucc -compact. Hence by theorem 3, we obtain (AA1). Suppose that (AA2) is not satisfied, which means that there exists V ∈ V such that W \V † = ∅ for every W ∈ W ucc . In particular, this means that
for every compact set D, where V 
Since we assume that F is τ uc -compact (and we aim to reach a contradiction), we can choose a finite subcover from (9), which means that there is a sequence (f k ) m k=1 ⊂ F such that
(10) Define (if it exists) an element x kl ∈ X for every k, l = 1, . . . , m such that
and let D be a compact set consisting of all x kl 's. This set serves as a guard, watching whether each pair f k and f l 'drifts apart'. Its main task is the following implication
for every k, l = 1, . . . , m. By (8), we pick (f * , g * ) such that
and
Let k f , k g ∈ N be constants chosen as in (10) for f * and g * respectively. We have
By (11) we know that (f k f (x), f kg (x)) ∈ V 1 3 for x ∈ X. Finally,
which is a contradiction with (12) . Hence, we conlcude that the extension property must hold.
Applications
In this final section of the paper, we present two possible applications of theorem 4. They were motivated by Schwartz's distribution theory, described in [10] in chapter 2.
Regular distributions
The space of distributions, denoted D ′ (R n ), comes with the weak * topology ( [10] on page 94 or [3] on page 51). As such, it can be defined by psuedometrics
where ϕ is a test function, i.e. compactly supported and infinitely differentiable function on R n . The space of such functions is denoted by D(R n ). It is easy to see that the family
for ϕ ∈ D(R n ) and ε > 0 is a subbase for the uniformity on D ′ (R n ). Let F be a family of functions from R × R n to R such that (M) For every t * ∈ R, the function f (t * , ·) is measurable (EQ) For every t * ∈ R, ε > 0 and compact set D, there exist δ > 0 such that
(EP) For every ε > 0 and compact set D ⊂ R n there exists R > 0 such that for every f, g ∈ F we have
The first two conditions are stronger than what is commonly known as Caratheodory conditions ([1] on page 153). Condition (EQ) will turn out to be very useful, when proving equicontinuity. (BAB) will be used to establish pointwise relative compactness in the space D ′ (R n ). To this end, we will employ Banach-Alaoglu-Bourbaki theorem, which can be found in [6] on page 248 or [8] on page 264. Finally, with the use of (EP), we will justify (AA2). Consider a family of distributions, defined by
where f ∈ F and moreover, denote
We verify the assumptions of theorem 4 in order to prove relative compactness of
First of all, we check that F F is equicontinuous, in particular F f ∈ C(R, D ′ (R n )) for every f ∈ F. Condition (4) at fixed point t * ∈ R reads as
For a fixed ϕ ∈ D(R n ) and ε > 0, we use (EQ) to choose δ > 0 such that
where λ is the Lebesgue measure on R n and ϕ := sup x∈R n |ϕ(x)|. Hence
and we can conclude that F F is equicontinuous. In order to prove relative compactness of F F at t * , we use Banach-Alaoglu-Bourbaki theorem ( [8] on page 264 or [6] on page 248), which implies that for U 0 ∈ τ D(R n ) and r > 0, the set
which proves that F F (t * ) is a subset of (14) with r = λ(B(0, 1)) sup f ∈F x∈R n |f (t * , x)|.
Thus, we established pointwise relative compactness of F F . Finally, we need to verify (AA2). The uniformity of uniform convergence on
Analogously, the uniformity of uniform convergence on compacta has a subbase of the form
Fix ε > 0 and ϕ ∈ D(R n ) and by (EP) choose R > 0 such that
e. condition (AA2). Thus we proved, using theorem 4, that
In order to provide an example of a family F satisfying (M), (EQ), (BAB) and (EP), consider F = a n e −|g(t)−x| : n ∈ N where (a n ) ⊂ R is a bounded sequence and g ∈ C(R, R) satisfies lim t→±∞ g(t) = ±∞. Conditions (M) and (BAB) are obviously satisfied. For the remaining two conditions, fix t * ∈ R, ε > 0, a compact set D and set a := sup n∈N |a n |. By continuity, choose δ > 0 such that
Using the well-known estimate
we can verify (EQ) as follows:
x∈D n∈N a n e −|g(t)−x| − a n e −|g(t * )−x| ≤ ae −|g(t * )−x| e |g(t)−x|−|g(t * )−x| − 1
≤ a e |g(t)−g(t * )| − 1
< ε
It remains to prove (EP). Since lim t→±∞ g(t) = ±∞ we can choose R > 0 such that
For every n, m ∈ N we have sup
< ε which proves that F satisfies (EP).
Nonregular distributions -Dirac family
The second application of theorem 4 concerns the following family of distributions :
where δ p ∈ D ′ (R n ) is the Dirac delta function ( [11] on page 14) at point p ∈ R n . We prove that if F ⊂ BC(R, R) is relatively compact, then the Dirac family
With the notation as before, we check the equicontinuity of F F . The condition (4) at a fixed point t * ∈ R reads as
Fix ϕ ∈ D(R n ) and ε > 0. Since F is relatively compact, by uniform continuity of ϕ on F (closure of F in metric d BC(R,R) ) we obtain
By equicontinuity of F, we find that
By (19) and (20) we easily obtain (18). In order to prove pointwise relative compactness of δ F we need to show that
is compact in D ′ (R n ). Putting 
|ϕ • f (t) − ϕ • g(t)| < r
It becomes evident, that since F satisfies BC-extension condition (7), then for fixed ϕ ∈ D(R n ) and ε > 0, there exist R, r > 0 such that W ϕ,R,r ⊂ (p −1 ϕ ([0, ε))) † , meaning (AA2) is satisfied. We conclude, via theorem 4, that δ F is relatively τ uc -compact.
